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Abstract: We continue our construction of a hydrodynamical description of a holo¬ 
graphic model with broken translation invariance. Using the fluid/gravity correspon¬ 
dence we derive the constitutive relations of the boundary theory in the presence of 
a magnetic held. This allows us to obtain novel results for the low-frequency magne¬ 
tothermoelectric response coefficients. We discuss the DC limit of our hydrodynamics 
in detail, and show that our approach is equivalent to the ‘horizon-huid’ of Donos and 
Gauntlett. 
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1 Introduction 

In the last few years there has been a resurgence of interest in studying heat and 
charge transport in holographic theories. By finding ways to incorporate momentum 
relaxation into these models [1-7] rapid progress has been made in understanding their 
DC [8-14], and low-frequency [15-19] response coefficients. 

Perhaps the most interesting aspects of these results are that holography provides, 
beyond leading order in the strength of momentum relaxation, a class of non-Drude 
models of transport (see for instance [10, 11, 19-22]). Such models are likely to be 
necessary to describe the experimental measurements on strange metals [23-25]. 

It is therefore an important open problem to develop a detailed framework in which 
to study this generalised transport. Motivated by this goal, we recently utilised the 
fluid/gravity correspondence [26-30] to construct a hydrodynamical description of the 
boundary physics dual to a simple holographic theory with broken translational in¬ 
variance [15]. More precisely, we studied a 4-1-1 dimensional Einstein-Maxwell-Dilaton 
theory in which the translational symmetry was broken by linear sources = kxj, 
for scalar fields dual to marginal operators 0 _ 4 . 

The resulting hydrodynamical description then consists of the constitutive relations, 
which express the electrical and heat currents of the boundary theory in terms of a 
local fluid velocity u^{x), together with the Ward-identity that describes the relaxation 
of momentum by the scalars. It was found that, beyond leading order in the derivative 
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expansion, both the constitntive relations and Ward identity differed from those stndied 
in the seminal work of Hartnoll et al [17]. Nevertheless, the resnlting hydrodynamics 
was remarkably simple and conld be nsed to calcnlate the thermoelectric response 
coefficients of the bonndary theory. 

In this paper, we continne to develop this approach by stndying the magnetohydro¬ 
dynamics dnal to the 3-1-1 dimensional version of the model stndied in [15]. The effect 
of the magnetic held is to introdnce new terms into the constitntive relations and to 
modify that Ward identity to inclnde the Lorentz force 

( 1 . 1 ) 

Here is the held strength of an external gange held that we nse to tnrn on a magnetic 
held, B. Using the hnid/gravity correspondence we evalnate the constitntive relations 
to 0{e^) in onr derivative expansion and the Ward identity to 0{e^). Once again 
we hnd that whilst the resnlts agree with [17] at leading order, there are snbleading 
corrections that need to be taken into acconnt. 

Given the initial motivation of [17] with relation to the Nernst ehect, it is partic- 
nlarly important to nnderstand how these corrections ehect the magnetotransport of 
the bonndary theory. By linearising onr constitntive relations in the hnid velocity, Wj, 
we are able to calcnlate new resnlts for the entire set of low-freqnency thermoelectric 
response coefficients. 

Of special interest is the ca —)■ 0 limit of these resnlts. It has long been known 
that this limit is very special within holographic models - in particnlar it is possible 
to obtain exact expressions for the DC response coefficients in terms of horizon data 
[25, 31-33]. We therefore end this paper by reformnlating onr constitntive relations in 
a new hydrodynamical frame in order to make the strnctnre behind these DC formnlae 
self-evident. In the DC limit, this approach is fonnd to be eqnivalent to the exact 
‘horizon-hnid’ recently proposed by Donos and Ganntlett [34, 35]. 

The remainder of this paper is organised as follows. In Section 2 we nse the hnid/gravity 
correspondence to constrnct the constitntive relations of magnetohydrodynamics dnal 
to onr holographic model. Since mnch of the discnssion is eqnivalent to that of [15], we 
will be schematic in onr presentation of the details. In Section 3 we stndy the linear 
response of the bonndary theory and extract the thermoelectric response coefficients. 
Finally in Section 4 we focns on the DC limit and examine the connection with [34, 35]. 
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2 The fluid/gravity correspondence 


In this section we will explain how to derive the constitutive relations of the mag- 
netohydrodynamics dual to a simple holographic model with broken translational in¬ 
variance. Of particular phenomenological interest [17, 36, 37] are 2 - 1-1 dimensional 
boundary CFTs, and so we will use the four-dimensional Einstein-Maxwell action in 
the bulk 
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( 2 . 1 ) 


where the scalar helds 0_4 will be used to introduce momentum relaxation into the 
boundary theory. Here the calligraphic index on the scalars runs over the spatial 
directions on the boundary, i.e. ^ = 1,2. Note that in [15] we recently studied the 5 
dimensional analogue of this theory (without the magnetic held). Since we can always 
set i? = 0, as a byproduct of our calculations we will generalise the results of [15] to 
2 - 1-1 dimensional boundary theories. 


The starting point in constructing the boundary hydrodynamics is the Reissner- 
Nordstrom black brane in ingoing Eddington-Finkelstein coordinates 


QMNdx^ dx^ = —2Ufj,dx^dr — f{r)u^Uydx^dx'' + r'^P^^dx^dx'' 

AMdx^ = —Ufj,dx^ 

4>a = 00 ( 2 . 2 ) 


Where x^ are the boundary coordinates, u^dx^ = —dv and F u^Uy is the 

projector perpendicular to u^. In four bulk dimensions the emblackening factor is given 
by 

f{r) = l — h/r‘^ + q^/r‘^ (2.3) 

and the horizon radius, rg, is dehned as the solution to 

^ = ^o(l + ^) (2-4) 

We stress that, although our primary interest in this paper is magnetohydrodynamics, 
the Reisnner-Nordstrom black brane in (2.2) only contains an electric charge. The 
magnetic held, R, will be included in our description as part of the derivative expansion. 
As a result, the hydrodynamics we derive will be perturbative in the strength of the 
magnetic held^. 

^For other early approaches to incorporating a magnetic field within fiuid-gravity see [38, 39]. 
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The derivative expansion 

To derive the constitutive relations of the boundary theory we follow the standard 
proceedure of the fluid gravity correspondence (see for instance [26-30]). First we take 
the parameters u^, q, b, (j)^ appearing in (2.2) to be functions of boundary co-ordinates 
Following [40-42] we allow for an external gauge held that we will use to 

apply a magnetic held to the boundary theory. We therefore take the ansatz 

dx^ = —2Ufj_{x°‘)dx^dr — r^/(r, q{x°‘),b{x°'))u^{x°‘)u^{x°')dx^dx'' + r^P^y{x°')dx^dx'^ 

A'^dx'^ = ‘P^u^(x“)dx‘‘ + 

(2.5) 

The interpretation of this prescription is to think of these parameters q{x°'), fe(a:"), M^(a:“) 
as corresponding to a local charge density, energy density and huid velocity. In con¬ 
trast, the scalars (/)^^(a:“) and gauge held A^^^{x°') are external sources in the boundary 
theory. 

At zeroth order, i.e. when these helds take constant values, this ansatz satishes the 
Einstein-Maxwell-Dilaton equations. More generally, we need to supplement (2.5) with 
corrections that can be calculated by solving the Einstein-Maxwell-Dilaton equations 
order by order in a derivative expansion. After determining these corrections, the 
expectation value of any operator in the boundary theory can be extracted in terms of 
the hydrodynamic helds, together with an expansion in the derivatives of these variables 
and the external sources^ 

In this paper we are interested in studying solutions in which the external sources 
and take specihc forms. Firstly, we will break translational invariance using 
the sources 

0 ^^ = kx 02 °^ = ky ( 2 . 6 ) 

These sources, hrst studied in the context of transport in [6], are the simplest way we 
can incorporate momentum relaxation within our holographic model. Similarly, we will 
use the external gauge held to introduce a magnetic held to the boundary held 

Af = Bx (2.7) 

Note that the choice of sources (2.6) and (2.7) dehnes a laboratory frame (t,x,y). 

^Of course, an expansion of derivatives only makes sense if the derivative are small in comparison 
to the scales set by the background theory. That is most simply achieved by taking the derivatives to 
be small with respect to the chemical potential y, and temperature T. 
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Our goal in this paper is to study how the breaking of translation invariance and the 
introduction of the magnetic held affect the thermoelectric transport properties of the 
boundary theory. Since the bulk stress tensor is quadratic in derivatives of the scalar 
helds, we will hnd that at leading order momentum relaxes at a rate ~ k"^. We 
therefore take the anisotropic scalings 

k ^ e B ^ d^q ~ d^jb ~ ~ (2-8) 

so that the frequency ca of the huid how, the relaxation rate and the cyclotron 
frequency utc ^ B all have the same scaling. Note that, once we go beyond leading 
order in this expansion, the equilibrium conhguration is no longer the translationally 
invariant black brane (2.2). Rather, the equilibrium solution changes in the presence of 
the sources (2.6) and (2.7). These corrections can be determined order by order within 
our expansion by setting = (1, 0, 0) and = d^Jj = 0, but retaining the terms 
proportional to derivatives of and . 

We can now perform onr derivative expansion by solving the bnlk eqnation of motions 
as a pertnrbation series in £. To stndy transport in the bonndary theory, we need to 
evaluate and to 0{e^) and to calculate {O up to^ O(e^). The corresponding 
calculation for the hve dimensional analogne of this model was recently explained in 
detail in [15]. It is straightforward to adapt this computation to four dimensions and 
also to inclnde the external gange held^ [40-42]. We therefore simply present our hnal 
results for constitutive relations, and refer the interested reader to this literatnre. 


Thermodynamics 


Before proceeding to discuss hydrodynamics, we shonld qnickly review the thermo¬ 
dynamics of the boundary theory. As we remarked above, the eqnilibrium solutions, 
and hence thermodynamics, receive corrections in the presence of the scalar sources and 
magnetic held. Fortnnately, since we are hxing the local charge and energy densities in 
onr expansion, these take the same form as in the black hole backgronnd (2.2) 


26 


P=T^^ ( 2 - 9 ) 

lOTrGrTV lOTrGrTV 

Conversely the remaining thermodynamics variables s, T, p and P are corrected at 
C>(£^) by the presence of the scalar helds (2.6). Dne to the scaling B ~ we do not 
see the corrections in the thermodynamics dne to the magnetic held at this order. 


^Note that to simplify our construction we will neglect certain terms that will not appear in the lin¬ 
earized hydrodynamics we are ultimately interested in. For our choice of sources (2.6), this means that 
we will consistently ignore any terms in the constitutive relations proportional to 

^The only place the external field strength enters the equations of motions is through the 
vector-channel constraint equation. That is the 3-1-1 dimensional analogue of equation (A.18) in [15]. 
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( 2 . 10 ) 


We find that the hrst-order corrected entropy density is given by 



where Q = q/r^ is the dimensionless charge density, and ... indicates terms of higher 
order in our expansion. We can also calculate the chemical potential 



( 2 . 11 ) 


the temperature 



( 2 . 12 ) 


and hnally the pressure 



(2.13) 


Constitutive relations 

Having determined the thermodynamics we can now consider the constitutive rela¬ 
tions. To make these well-dehned, we hrst need to pick a fluid-dynamical frame. This 
choice reflects the fact that, out of equilibrium, there is an ambiguity in dehning the 
local fluid velocity. In the study of hnite-density hydrodynamics, it is conventional to 
choose the Landau frame condition 


= 0 


(2.14) 


where is the hrst-order correction to the stress tensor. Physically this condition 


dehnes to be the velocity of the energy current^. 

With this condition the constitutive relation for the stress tensor can be written as 



(2.15) 


where 


_ _ u^u'' H_ 


IQtiGn IQtiGn 



IQtiGm IGttGtv 


(2.16) 


^Note, as will be crucial in our discussion of Section 4, this is distinct from the velocity of the heat 
current. 












and the tensorial sources appearing in the hrst order correction are 




u 




(2.17) 


Likewise the electrical current can be extracted as 
2q „ 2 


= 


IQtiGn 

1 


- 




IhvrG 
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3-g 

3M 
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8Q3 


(2-18) 


( 0 ) 


levrGjv 9M2 


ext 


where M = hjr\ and is the held strength of the external gauge held A 

Whilst this expression appears somewhat ungainly, we can make the structure much 
more evident by trading derivatives of g, b with the conjugate thermodynamics variables 
fi, T. This yields 


J^^ = pu^^ + 


OyH + Pi/A'W + P- ~ 


1 8g3 

TN ' 


(2.19) 


i(0) 


where it is now clear that the external held strength and chemical potential enter 
the constitutive relations in the natural combination These terms are 

proportional to a single transport coefficient 

aq = -i(2.20) 

^ levrGjv Ve + 7"y 

The hrst two terms in (2.19) are precisely the constitutive relation of relativistic hydro¬ 
dynamics [17, 43] with the specihc choice (2.20) for aq. However, as was hrst appre¬ 
ciated in [15], the presence of the scalars 0_4 breaks Lorentz invariance and introduces 
new terms into the constitutive relation that are absent in [17]. 

Scalar expectation value 

Finally we need the constitutive relation for the scalar up to 0{e^). The calculation 
although somewhat involved, is identical to the one performed in 5 dimensions in [15]. 
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For our purposes, all we need to know is that we can expand (O^) as 



levrG^ 4(3 - g2) 



IQtiGm 


1 


(^Q^q 2qu^dxUy) 
SMtq 


( 2 . 21 ) 


where the source terms 5^ are dehned to be 


= {u^dxu^ ± ]^dxu\^)df,(l)-^ 


( 2 . 22 ) 


Note that, written this way, there is no explicit dependence on the external held strength 
appearing in this constitutive relation. 

The only unspecihed quantity is then the transport coefficient A, that multiplies 5(4 
in (2.21). In general this is a complicated function of /r/T that we have not been able 
to determine analytically. Nevertheless, it can be calculated perturbatively in Q for 
which we hnd the leading terms 



(2.23) 


18 54 


Whilst this is a rather complicated expression, the precise value of A will not be im¬ 
portant in describing the magnetotransport of the boundary theory - which we study 
in detail in the next section. 

3 Thermoelectric response coefficients 

In the last section we quickly reviewed how the fluid-gravity correspondence can be 
used to derived the constitutive relations of the boundary theory. In the remainder of 
this paper, we wish to use this hydrodynamics to study how the magnetic held affects 
charge and heat transport. To do this, we need to linearise our constitutive relations 
around equilibrium. We therefore consider the huid how® 



(3.1) 


®Here i = 1, 2 are spatial indices, i.e. x, y in the laboratory frame. 












together with the perturbations 


fi{x,y,t) n + 6fi{x,y,t) 

T{x,y,t)-)-T + 6T{x,y,t) (3.2) 

The unusual normalisation of the fluid velocity Vi in (3.1) has been chosen so that, 
after linearising in the perturbations {6fi,6T,Vi), the constitutive relation for the mo¬ 
mentum density takes the same form as in relativistic hydrodynamics 

TO* = (e + P)n, + .... (3.3) 


where the ... indicate higher order terms, i.e. those that are 0{e'^). The corresponding 
expression for the electrical current is 


J^ 


pVi + (Tq 


— difi -|- J-ijVj y 



+ 


AnT 


Vi + ... 


(3.4) 


where = Beij is the held strength of the magnetic held (2.7). Similarly, the heat 
current Q* = — fiB has components 


Q^ 


sTvi - yaq 


- dip BijVj /i 



/iVg/c^ 

AtiT 


Vi... 


(3.5) 


Note that the thermodynamic factors in these formulae include the 0{e‘^) corrections we 
determined earlier. Written this way, we hnd it remarkable how simple these equations 
are. In the absence of the magnetic held, they take the same form as those derived from 
a hve dimensional bulk action in [15], although the precise value of ag is dimension 
dependent. 


Compared to the usual constitutive relations of relativistic hydrodynamics, there 
is just the one extra term (~ /c^) due to the scalars. It is intriguing that, within 
these specihc holographic models, this novel term is naturally proportional to the same 
transport coefhcient aq that multiplies the derivatives of y and T. It would certainly be 
interesting to understand if this continues to hold more generally. If so, it might suggest 
that there is some fundamental reason, such as the positivity of entropy production 
[17, 44], for why there only appears to be a single transport coefficient at this order. 


Ward identity 

In order to describe momentum relaxation we need to supplement these constitutive 
relations with the linearised Ward identity. To obtain this, we insert the constitutive 
relation for the scalar expectation values into (1.1) and then linearise the resulting 
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expression in our perturbations. Since our aim in this paper is to calculate the zero- 
wavevector response coefficients, we will ignore terms proportional to spatial derivatives 
of the fluid velocity. At leading order the Ward identity then reads 


dtT^^ + diP 


k'^s 

—Ui + + • • • 


k‘^s 


47r(e + P) 


r 


Oi 


pB 

e + P 


+ ,,, 


(3.6) 


and simply describes a Drude excitation with a momentum relaxation rate, r and 
cyclotron frequency, Uc, given by 


k'^s pB 

- UJn = - 

47 r(e + P) e + P 


(3.7) 


Evaluating the Ward identity at 0{e‘^) is much more involved since it requires using the 
subleading terms in (2.21). Amazingly, we hnd that it can be written in the compact 
form 


aT“ + diP = 


47r 

k^ 

'AttT 


SVi 


_ P(^Q [ 
T V 


— dip + J-ijVj + p 


diT\ p^aqk 


47rT2 


2 n 

-Vi 


^ ' 16x0 


-dtVi 


N 


Qi “t” BijJj 


Xk'^ro 

IbvrG 


dtVi + ... 


N 


(3.8) 


where, just as was noticed in the absence of the magnetic held in [15], the contribution 
of the scalar helds gives rise to a term proportional to the heat current. In [17] a 
similar form the Ward identity was studied^, but instead with the momentum density 
appearing on the right hand side of (3.8). Since these two quantities differ in 
general, the magnetotransport of these holographic theories is not described by the 
results of [17] once we go beyond the Drude limit. 


In order to extract this physics, we use the Ward identity (3.8) to solve for the huid 
velocity Vi in terms of dip and diT. In the presence of a magnetic held, it is convenient 
to work with the complexihed helds v± = Vx^ iVy. After a Laplace transform in time 
we then hnd an expression for the huid velocity up to 0{e^) as 


v+ = 


( 4 ttp I Aio-Q I \ 

sT + j ^ 


r ^ + 7 — i{u) — Uc) 


icfqB 

7+F 

- d+p- 


Anr ^ I 

r + 7 — %(u — Uc) 


(3.9) 


where we have eliminated the pressure using the identity 5P = p5p+s5T. An analogous 
expression for n_ follows from making the replacement B —)■ —B in (3.9). 

^The time-dependent term proportional to A is also not present in their model. 


10 






















The location of the poles in this flnid flow are described by the momentnm relaxation 
rate® 


r 


-1 


k‘^s 

47r(e + P) 


47rsT^ 


A/cVo 

36o 


(3.10) 


and the cyclotron freqnency 


CJc 


pB r 2 /iaQfc^ 
e + P AupT 


Xk^ro 

36o 


(3.11) 


which can both be seen to contain snbleading corrections to (3.7). Additionally there 
is a novel effect at this order in hydrodynamics where we see a contribntion 


7 = 


e + P 


(3.12) 


to momentnm relaxation arising from the magnetic held. This is a relativistic phe¬ 
nomenon which, at least at weak conpling, is nsnally thonght of as arising from col¬ 
lisions between particles and holes nndergoing cyclotron orbits in opposite directions 

117), 


Magnetotransport 

Armed with our expression for the huid velocity we can now extract the thermoelec¬ 
tric response coefhcients of the boundary. To do this we insert (3.9) into the consti¬ 
tutive relations for the currents. The Kadanoff-Martin prescription [17, 45] then tells 
us that the electrical conductivity, (T+, the thermoelectric conductivity, ck+, and heat 
conductivity, /!+ can be read off as® 


J+ \ ^ / a+ «+ ] ( -d+p \ 
Q+ ; )[ -d+T ) 


Recalling the scalings oj B this approach allows us to calculate the response 

coefhcients as a perturbation series in e. We hnd that the electrical conductivity can 
be written as 


a+{uj) 


' +(^0T ^ - iagiu -F CJc) 

T~^ -|- 7 — — Uc) 


(3.13) 


®With A given by (2.23) this expression agrees with the momentum relaxation rate for this model 
derived in [19]. 

®Note that at non-zero wavectors this prescription is more complicated due to the decay of initial 
perturbations. 
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where the ... are terms of 0{e‘^) and the expressions for and Uc include the cor¬ 
rections in (3.10) and (3.11). Note that there is a subtle, but important, distinction 
between the parameters ao and aq 


1 

° IOttGjv 


1 ( y 

IOttGat \e-I-P/ 


(3.14) 


which are appearing in the electrical conductivity. It is then straightforward to extract 
the usual components of the conductivity tensor as 

cr+ -|- (T_ cr_ — cr+ 

(^XX = ^ (^xy = 

The resulting expressions for the low-frequency electrical conductivities can then be 
written as 



^XX (^) 


47rp2T 1 I __l 


- iaqu: j ( r ^ 


Similarly the 


'^xy (^) 

thermoelectric 


+ 7 — 

-^ (*^0 ^ 


2iaQU 


(r-i 


iooY + a;2 

conductivities 


+ 7 - 
are 


/ 47rpr-l I iycTQUJ \ / __i 

( fc2 + T j 


■ iu 


(r ^ -I- 7 — iuY -I- 

, , ( 47rpT-l 

^c \ —p— 


a. 


'^xy{^) 


( 47rpT“l I sa-QT 

^ ~ 


(r ^ -f 7 — iojY + uSl 


+ ^^(pp-sr)) 

■ iijjY + 


-^c 

and hnally the heat conductivities are found to be 

( 47rsTT-l \ • . \ 

Kxxi'^J — / -1 I • ^2 I 2 

(T ^ + J — lUjy + 


T 


K. 


'xy 


-I- 7 — icoY + ojI 

- ^^^(25T + ^Jip)\ 

^S- - 

(r ^ -I- 7 — lUjy -I- 02“ 


lere all these expressions are accurate up to corrections of O^e"^). 


(3.16) 


(3.17) 


(3.18) 
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These formulae for the transport coefficients constitute one of the main novel resnlts 
of this paper. As we emphasised earlier, beyond leading order in e they are different to 
those presented in [17]. Nevertheless, we can perform perform various checks on their 
consistency. Firstly, in the absence of momentnm relaxation (i.e k = 0) they rednce to 
the nsnal results of relativistic hydrodynamics^®. 

Secondly, we can compare to the AC transport coefficients at i? = 0 that were 
previonsly derived for this model [15, 19]. It is immediately clear that, in the limit 
B —)■ 0, we reprodnce these existing results. However we can do mnch better. The four¬ 
dimensional action (2.1) exhibits an electromagnetic duality that hxes the transport 
coefficients of a dyonic black hole in terms of those of a pnrely electrically charged black 
hole (see Appendix A). The fact that onr expressions are consistent with this dnality 
provides strong conhrmation of our formulation of magnetohydrodynamics. 

Finally, it is well known that within this model the DC transport coefficients can 
be expressed exactly in terms of horizon data. We have checked that, to the order we 
are working, the ca ^ 0 limit of our results agree with these formulae. Nevertheless, 
it is not immediately clear from the way we have written (3.16) (3.17) and (3.18) in 
terms of Uc, 7 and that this is the case. Whilst these are the natnral variables that 
describe the time-evolntion of the flnid flow, we will see in the next section that there 
is an alternative formnlation of onr hydrodynamics which is better suited to discussing 
the DC limit. 

4 Hydrodynamics in the DC limit 

In the last section we formnlated onr flnid-mechanics in the Landau-frame, such 
that the constitutive relation for the momentnm density was proportional to the fluid 
velocity T®* = (e -|- P)vi. This choice of frame was appropriate for studying the hnite 
freqnency condnctivity because the Ward identity (1.1) inclndes time derivatives of T®*. 

In the DC limit however, it is clear from (3.8) that within onr model it is the heat 
current, and not the momentnm density, that plays the fnndamental role^^. As we 
remarked earlier, there is an ambignity in the dehnition of the flnid velocity within rel¬ 
ativistic hydrodynamics. We are therefore free to reformulate our constitutive relations 
in a new frame by introdncing a new fluid velocity Vi such that the heat current can 

^°These can be found in [46, 47] or by setting r;“= 0 in equation (3.37) of [17] 

^^We do not have a deep understanding of why this is the case, but the same conclusion can be 
drawn for very general holographic models from the results of [34, 35, 48]. 
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be written 


Qi = sTvi 


(4.1) 


In practice this means that we are dehning our new velocity through the relation 


Vi= Vi - 


sT 


- dill + + p 



AtisT"^ 


Vi+ ... 


(4.2) 


Inserting this into the constitutive relations then allows us to write the electrical current 
in terms of Vi as 


Ji = PVi + 


P 


sT 






d.T 

T 


+ 


+ P\ 


sT J AnT 


Vi + ... (4.3) 


Finally, it will prove convenient to make one further manipulation of this equation. 
To do this we recall that, at any given order in hydrodynamics, the various derivative 
terms that can appear in the constitutive relations are not all independent [43]. Rather, 
they are related by the hydrodynamic constraint equations, which arise from considering 
the equations of motion for the currents at lower orders in the expansion. In particular, 
we can use the expression for the Ward identity 

k‘^s 

(e + P)dtVi + pdi^i + sdiT = h* + (4.4) 

47r 

to eliminate the ~ /c^ term in (4.3). This gives 


Ji = pVi + ao[ - dip + PijVj - paodtVi + ... 


(4.5) 


where we note that in this new formulation it is now 

1 


(To = 


167iG]\f 

as opposed to (Tq that appears naturally in the constitutive relation for the current 


(4.6) 


DC transport coefficients 

We emphasise that the constitutive relations (4.1) and (4.5) are just as valid as those 
we presented in Section 3. We are simply exploiting the ambiguities of hydrodynamics 
to rewrite the theory in a new frame. The motivation for doing this, as will now 
become clear, is that with these new constitutive relations the structure of the DC 
limit is self-evident. Indeed, taking the cu —)■ 0 we simply have 

Ji = PVi + (To{-diP J^ijVj) 

Q^ = sTv, (4.7) 
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and can extract the transport coefficients by noticing that in the DC limit the Ward 
identity (3.8) implies the constraint 


^2 

-|- sdiT ^ 


(4.8) 


which can be solved to determine the fluid velocity Vi. We And that the complexifled 
velocity = Vx + iVy is given by 


v+ = 


p — iaoB 


k'^s 

An 


+ (Toi?2 + ipB 


d+p- 


An 


+ aoB‘^ + ipB 


-d+T 


(4.9) 


Inserting this expression into the DC constitutive relations (4.7) then allows us to read 
off the thermoelectric response coefficients as 


An 




_|_ —2 jd2 _i_ Q-pk^s 


p^ + a^^B^ + 


An 


^ + +l!‘B 


C^.T.T - 


^2 „ 


f? + <ToBp +p‘B 


kixT - 




^ + <r„BP +p2B 


^xy — 


pB{p^ + alB^- + ^'^ 


^xy — 


^ + aoi?2j +p 252 

^ + <ToBd +P^B-‘ 


^xy — 


pBs^T 

a + <T„sd +p^B 


(4.10) 


To C>(£°), these expressions agree with the a; —0 limit of the results in Section 3. 
However, it is worth emphasising that this agreement arises in a quite non-trivial man¬ 
ner. It is tempting, say, to think that the p^B'^ term in the denominators of (4.10) is 
the same as the factor in (3.16). Likewise one might try to associate (e-|-P)r“^ with 
the various factors of However, we have already seen that beyond leading order 
things are not so simple - there are sub leading corrections in (3.10) and (3.11) which 
are crucial in showing that the cu ^ 0 limit of our AC expressions agrees with these 
formulae. 


Exact DC hydrodynamics 

Strictly speaking, we can only trust these expressions (4.7) for the DC limit of the 
constitutive relations to 0{e^). Likewise we have only evaluated the Ward identity 
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up to Nevertheless, the results they imply for the DC conductivities (4.10) are 

nothing other than the exact formulae of [31]. In other words, they are known to hold 
regardless of the strength of the magnetic held B or the scalar source k. It is therefore 
natural to suggest that the constitutive relations (4.7) and the constraint arising from 
the Ward identity (4.8) will continue to hold exactly, i.e. to all orders in our derivative 
expansion^^. 

These observations are deeply connected to a beautiful recent paper by Donos and 
Gauntlett [34] (similar ideas have been developed in [35, 48, 49].). There it was shown 
that the DC conductivity of quite general holographic models can be understood from 
solving the forced Navier-Stokes equations for a huid living on the black hole horizon. 
Remarkably this was an exact description, achieved without the need to take any sort 
of hydrodynamical limit. 

The DC constitutive relations that we have derived (4.7) for the boundary quan¬ 
tum held theory are, for our model, just the same as the exact constitutive relation of 
the horizon huid in^^ [34, 35]. Similarly, our expression for the huid velocity, (4.9), is 
identical to that obtained by solving the Navier-Stokes equation on the horizon. What 
we have demonstrated in this section is how these equations, and hence the formulae 
(4.10), naturally arise in the boundary theory through reformulating our hydrodynam¬ 
ics in terms of a new huid velocity hj. 
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A Electromagnetic duality 

In this appendix we set IQtiGn = 1 for convenience. Then the four dimensional 
Einstein-Maxwell-Scalar action (2.1) exhibits an electromagnetic duality upon rotating 

^^However, we certainly should expect that at higher orders in the derivative expansion we will see 
additional finite w corrections to (3.8) and (4.3). 

^^For inhomogeneous models the relationship between the boundary theory and the horizon physics 
is expected to be more complicated. 
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the field strength Fmn into its Hodge dual yJ—geMNPqF^^. This symmetry allows us 
to map the electrically charged Reissner-Nordstrom black hole ((2.2) with = (1, 0, 0)) 
into a dyonic black hole. 


Additionally, the duality acts on the perturbations of the black hole by rotating the 
current 7+ into the electric field ii?+[46, 50, 51]. As such it can be used to relate 
the transport coefficients of the dyonic black hole to those of a purely electrically 
charged background. In particular, letting (T+(p, R) = axxip, B) —iaxy{p,B) denote 
the conductivity of a dyonic black brane with charges (p, B) we have the relation 


(J+{p,B) 


p‘^ + 0)cos6* — sin6* 

icosO — cr+(0)sin6* 


(A.l) 


where tan^ = B/p. Similarly, there are corresponding expressions for the thermoelectric 


a+(p,R) 


COS0 — icr+(p, i?)sin6'J oi+{\/p^ + 0) 


(A.2) 


and heat conductivities 


«:+(p, B) = fi:(y/p 2 _|_ , 0)a+(p, B)sm9 (A.3) 


Note that this rotation completely determines the low frequency transport coefficients 
(to 0{e^)) in terms of those previously calculated for the electrically charged black 
brane in [15, 19]. We have checked that our expressions (3.16) (3.17) (3.18) satisfy 
these relations. 
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